A new test of variance for non-normal distribution with fewer restrictions than the current tests is proposed. Simulation study shows that the new test controls the Type I error rate well, and has power performance comparable to the competitors. In addition, it can be used without restrictions.
Introduction
Testing the variance is crucial for many real world applications. Frequently, companies are interested in controlling the variation of their products and services because a large variation in a product or service indicates poor quality. Therefore, a desired maximum variance is frequently established for some measurable characteristic of the products of a company.
In the past, most of the research in statistics concentrated on the mean, and the variance has drawn less attention. This article is about testing the hypothesis that the variance is equal to a hypothesized value 2 o σ versus the alternative that the variance is larger than the hypothesized value. This statistical test will be referred to as a right-tailed test in further discussion.
The chi-square test is the most commonly used procedure to test a single variance of a population. Once a random sample of size n is taken, the individual values i X , the Michael C. Long Efron & Tibshirani, 1993) . The bootstrap requires extensive computer calculations and some programming ability by the practitioner making the method infeasible for some people. Although the jackknife method is easier to implement, it is a linear approximation to the bootstrap method and can give poor results when the statistic estimate is nonlinear.
Another alternative is presented in Kendall (1994) and Lee and Sa (1998) . The robust chi-square statistic χ test with skewed distributions. Lee and Sa (1996) derived a new method for a right-tailed variance test of symmetric heavy-tailed distributions using an Edgeworth expansion (see Bickel & Doksum, 1977) , and an inversion type of Edgeworth expansion provided by Hall (1983) ,
where θˆ is any statistic, and θ , ) (θ σ Kendall & Stuart, 1969) . This yielded a decision rule: 
After a simulation study, their study found their test provided a "controlled Type I error rate as well as good power performance when sample size is moderate or large" (p. 51). Lee and Sa (1998) performed another study on a right-tailed test of variance for skewed distributions. A method similar to the previously proposed study was employed with the primary difference being in the estimated coefficient of skewness, 1 β . The population coefficient of skewness, Hence, the motivation for this study is to develop an improved method for right-tailed tests of variance for non-normal distributions. A test is desired which works for both skewed and heavy-tailed distributions and also has fewer restrictions from assumptions. This test should work well for multiple sample sizes and significance levels. The test proposed uses a general Edgeworth expansion to adjust for the non-normality of the distribution and considers the variable 2 S that admits an inversion of the general Edgeworth expansion.
A detailed explanation of the new method is provided in the next section. In the "Simulation Study" Section, the simulation study is introduced for determining whether the previously proposed tests or the new test has the best true level of significance or power. The results of the simulation are discussed in the section of Simulation Results. Conclusions of the study are rendered at the end.
Methodology
Let θˆ be an estimate of an unknown quantity From Hall (1992) , the Edgeworth expansion for the sample variance is 
To test 
Simulation Study
Details for the simulation study are provided in this section. The study is used to compare Type I error rates and the associated power performance of the different right-tail tests for variance.
Distributions Examined
Distributions were chosen to achieve a range of skewness (0.58 to 9.49) or kurtosis (-1.00 to 75.1) for comparing the test procedures. The skewed distributions considered in the study included Weibull with scale parameter = λ 1.0 and shape parameters = 0.5, 0.8, 2.0 (see Kendall, 1994) , Lognormal(
, (see Evans, Hastings, & Peacock, 2000) , Gamma with scale parameter 1.0 and shape parameters = 0.15,1.2,4.0 (see Evans, Hastings, & Peacock, 2000) , 10 Inverse Guassian distributions with 0 . 1 = µ , scale parameters = λ 0.1 to 25.0 with skewness ranging from 0.6 to 9.49 (see Chhikara & Folks, 1989 and Evans, Hastings, & Peacock, 2000) , Exponential with 0 . 1 = µ and = λ 1.0 (see Evans, Hastings, & Peacock, 2000) , Chi-square with ν degrees of freedom (ν = 1, 2, 3, 4, 8, 12, 16, 24) , and a polynomial function of the standard normal distribution Barnes2 (see Fleishman 1978) . Johnson, Tietjen, & Beckman, 1980) , and special designed distributions which are polynomial functions of the standard normal distribution: Barnes1 and Barnes3 having kurtosis 6.0 and 75.1 respectively (see Fleishman 1978) . All the heavy-tailed distributions are symmetric with the exception of Barnes3. Barnes3 has skewness of .374 which is negligible in comparison to the kurtosis of 75.1. Therefore, Barnes3 was considered very close to symmetric.
Simulation Description
Simulations were run using Fortran 90 for Windows on an emachines etower 400i PC computer. All the Type I error and power comparisons for the test procedures used a simulation size of 100,000 in order to reduce experimental noise. Fortran 90 IMSL library was used to generate random numbers from these distributions: Weibull, Lognormal, Gamma, Exponential, Chi-square, Normal and Student's T. In addition, the Inverse Gaussian, JTB, Barnes1, Barnes2, and Barnes3 random variates were created with Fortran 90 program subroutines using the IMSL library's random number generator for normal, gamma, and uniform in various parts of the program.
The following tests were compared in the simulation study: Lee and Sa (1996) ; the decision rule is Reject
5) The proposed test is Z = 7. Calculate the proportion of 100,000 rejected.
A power study was performed using five skewed distributions and five heavy-tailed distributions with varying degrees of skewness and kurtosis respectively. For each distribution considered, sample sizes of 20 and 40 were examined with nominal levels of 0.10 and 0.01, and k = 1,2,3,4,5,6, where k is a constant such that the k is multiplied to each variate.
The traditional power studies were performed by multiplying the distribution observations by k to create a new set of observations yielding a variance k times larger than the 0 H value. Steps 1 through 6 above would then be implemented for the desired values of k , sample sizes, and significance levels. The power would then be the proportion of 100,000 rejected for the referenced value of k , sample size, and significance level.
This method has been criticized by many researchers since tests with high Type I error rates frequently have high power also. Tests with high Type I error rates usually have fixed lower critical points relative to other tests and therefore reject more easily when the true variance is increased. Hence, these tests tend to have higher power.
Some researchers are using a method to correct this problem. With k =1, the critical point for each test under investigation is adjusted till the proportion rejected out of 100,000 is the same as the desired nominal level. The concept is that the tests can be compared better for power afterward since all the tests have critical points adjusted to approximately the same Type I error rate. Once this is accomplished, steps 1 through 7 above are performed for each k under consideration to get a better power comparison between the different tests at that level of k .
The traditional power study and the new power study were used to provide a complete picture of the power performance by each test.
Results

Type I Error Comparison
Comparisons of Type I error rates for skewed and heavy-tailed distributions were made for sample size 40 and 20 with levels of significance 0.10, 0.05, 0.02, and 0.01. However, the results are very similar between the two higher levels of significance (0.10 and 0.05) and the same situation holds for the two lower levels of significance. Therefore, only 0.05 and 0.01 levels are reported here and they are summarized into Tables 1 through 4 . Also, it can be observed that the Type I error performances are quite similar for the skewed distributions with similar coefficient of skewness or for the heavy-tailed distributions with similar coefficient of kurtosis. Therefore, only 11 out of the original 27 skewed distributions and 10 out of the 18 heavy-tailed distributions studied are reported in these tables. For the complete simulation results, please see Long and Sa (2003) .
Comparisons were made between the tests Tables 1 and 2 were extremely conservative for most of the skewed distributions. It becomes even more conservative when the coefficient of skewness gets larger. In fact, the Z2 test is so conservative it is rarely inflated for any of the skewed or heavy-tailed distribution cases.
Similar to the Z2 test, test Zh performs quite conservatively in all the skewed distributions as well. However, it performs differently under heavy-tailed distributions. The Type I error rates become closer to the nominal level except for one distribution, and there are even a few inflated cases. The exception in the heavy-tailed distributions is the Barnes3. In this case, test Zh is extremely conservative for all the nominal levels.
Under the skewed distribution, the Zs test performs well for the sample size 40 and the nominal level 0.05. However, the Type I error rates become more or less uncontrollable when either the alpha level gets small or the sample size is reduced. These results confirmed the recommendations of Lee and Sa (1998) that Zs is more suitable for moderate to large sample sizes and alpha levels not too small. Although Zs was specifically designed for the skewed distributions, it actually works reasonably well for the heavy-tailed distributions as long as the sample size and/or the alpha level are not too small.
Generally speaking, the proposed test Z6 controls Type I error rates the best in both the skewed distribution cases and the heavytailed distribution cases. Only under some skewed distributions with both small alpha and small sample size were there a few inflated Type I error rates. However, the rates of inflation are at much more acceptable level than some others.
Power Comparison Results
One of the objectives of the study is to find one test for non-normal distributions with an improved Type I error rate and power over earlier tests. It was suspected that tests with very conservative Type I error rates might have lower power than other tests since it is harder to reject with these tests. Because tests Zh and Z2 were extremely conservative for the skewed distributions, exploratory power simulations were run on a couple of mildly skewed distributions with Zs, Zh, Z2, and Z6 to further decrease the potential tests. The preliminary power comparisons confirmed our suspicion. Both Zh and Z2 have extremely low power even when k is as large as 6.0. Therefore, Z2 will not be looked at further since Z6 is the better performer of the new tests. Also, the Zh test's power is unacceptable, but it will still be compared for the heavy-tailed distributions since that is what it was originally designed for. The results of the preliminary power study are reported in Long and Sa (2003) . Tables 5 and 6 provide the partial results from the new type of power comparisons, and Tables 7 and 8 consist of some results from the traditional type of power study. Based on the complete power study in Long and Sa (2003) , the following expected similarities can be found for the power performance of the tests between the skewed and heavy-tailed distributions regardless of the type of power study. When the sample size decreases from 40 to 20, the power decreases. As the k in 2 0 σ ⋅ k increases, the power increases. When the significance level decreases from 0.10 to 0.01, the power decreases more than the decrease experienced with the sample size decrease. As the skewness of the skewed distribution decreases, the power increases. As the kurtosis of the heavy-tailed distribution decreases, the power increases overall with a slight decrease from the T(5) distribution to the Laplace distribution.
The primary difference overall between the skewed and heavy-tailed distributions is that the power is better for the heavy-tailed distributions when comparing the same sample size, significance level, and k . In fact, the power increases more quickly over the levels of k for the heavy-tailed distributions versus the skewed distributions, with a more noticeable difference at the higher levels of kurtosis and skewness respectively. Some specific observations are summarized as follows: The Zh test is studied only for the heavy-tailed distributions. With the adjusted critical values on the new power study, Zh has the most power among the five tests. However, as far as the true rejection power is concerned, it has the lowest power in almost all of the cases studied.
More Comparisons of Type I Error Rates Between Zs and Z6
After reviewing the results from the Type I error rate comparison study and the power study, the tests Zs and Z6 are the best. Therefore, the two tests were examined for a Type I error rate comparison study of sample size 30. Looking at the skewed distributions and heavy-tailed distributions in Table 9 , both tests held the Type I error rates well at α =0.10 and α =0.05. For the skewed distributions, the Zs test's Type I error rates were much more inflated overall for the lower alpha levels of 0.02 and 0.01. In fact, the number of inflated cases for Zs compared to Z6 was more than double. Breadth of the inflation was also larger with the Zs test having 22% of the cases greater than a 50% inflation rate (i.e. 50% higher than the desired nominal level), while the Z6 test had none. Similar results can be observed for the heavytailed distributions as well. Clearly, the Z6 test controls Type I error rates better than the Zs test for sample sizes of 30 also.
Although most of the Type I error rates for the Z6 test are stable, there was some inflation. However, the inflation is still within a reasonable amount of the nominal level. It should be noted that the Z6 test's Type I error rates for alpha 0.01 are in control if k and has (n-5) in the denominator of 6 k , it is recommended that sample sizes of 30 or more be used. Even so, the simulation study found the Type I error rates for the Z6 test to be reasonable for sample sizes of 20. 
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